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The lepton isodoublet (e~ , »,), the *“bare” nucleon isodoublet (n, p), and their
antiparticles are shown to constitute a basis of the irreducible representation of
the Clifford algebra C,. The excited states of these doublets, ie., (p7,3,),
(r7,1,),..., and (s° ¢¥), (4% t7) are generated by the products (¢”,v,)®a
and (n, p)®a, where a=2"'/%(e"e* +1,7,) has the same quantum numbers
as the photon state. The bare baryons s, c, b, t carry the strangeness, charm,
bottom, and top quantum numbers. These lepton and bare baryon states are in
one-to-one correspondence with the integrally charged colored Han-Nambu
quarks, and generate all the observed su(3) and su(4) hadron multiplets.

1. INTRODUCTION

Clifford algebras C, (Clifford, 1878; Brauer and Weyl, 1935; Riesz,
1958; Hestenes, 1966; Kahan, 1966) play an important role in physics, as
evidenced by the Pauli spin algebra C, and the Dirac algebra C,. In
increasing order, Eddington (1946) used C, in his fundamental theory, Barut
and Haugen (1973) used (g in their formulation of conformally invariant
massive spinor equations and the e —p system, and Basri and Horwitz
(1975) used C, to describe the hadronic mass spectrum. More recently,
Casalbuoni and Gatto (1980) used higher-order Clifford algebras in a
unified description of quarks and leptons. They use a gauge theory and
orthogonal groups such as ¢(13,1), that are generated by higher-order
Clifford algebras.
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692 Basri and Barut

The main goal of this paper is to show how C, and its tensor products
can be used to generate all observed particle multiplets; dynamics is outside
the scope of this paper. In particular, we use C;, its tensor products, and an
orbital o(4,2) algebra, to generate two sequences of isodoublets; one is the
lepton sequence (e”,v,), (¢, ¥,). (77, 7,),..., and the other is the baryon
sequence (n, p), (s,c), (b, t),..., where n, p are the “bare” nucleons, and
s,c,b,t, are the “bare” hyperons carrying the “strangeness,” “charm,”
“bottom,” and “top” quantum numbers (QN), respectively. All particle
states are obtained as tensor products of these states.

The essential properties of Clifford algebras and their physical identifi-
cations are outlined in Section 2. These principles are applied to C; in
Section 3, and to the Dirac subalgebra in Section 4. The associated orbital
algebra is presented in Section 5. Then the eigenstates of the complete
algebra are given in Section 6. An irreducible representation (IR) of the
isospin algebra, commuting with the Dirac algebra, is derived in Section 7.
Excited lepton and bare baryon states are constructed in Section 8, meson
states in Section 9, and baryon states in Section 10. It is shown in Section 10
that the lepton and “bare” baryon states play the role of the integrally
charged colored Han-Nambu quarks. Regge trajectories are briefly dis-
cussed in Section 11, and the basic results are summarized in Section 12.

2. CLIFFORD ALGEBRAS

We outline here the basic facts about Clifford algebras necessary for
this work. A (complex) Clifford algebra C, is generated by the identity e,
and #n elements ¢,,...,e, satisfying the relations

efl=—e, eqep= —ege, for A+ B (1)

The remaining elements of C, are obtained from all possible products of e,.
The number of elements that are a product of & different e, is (})=
n!/kl(n—k)!, and the total number of elements of C, is 2} .,(})=2".

For even n, there is no element besides the identity e that commutes
with all the elements of C, i.e., the center of C, consists of e only. However,
for odd n, the center consists of e and the element e,e,- - - ¢,,.

If we set

f,=ie e, forn=1,2,5,6 (2a)
f,=e---e forn=3,4,7 (2b)

n
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where i = (—1)"/2, then it follows from (1) that

f2=te (3)
and
P =3(ex],) (4)
are projectors (projection operators), i.e., they satisfy the relations
(P=Y'=P>, PYP, =P P*=0 (5a)
P*+P =e, P*—P =/ (5b)

The first relation of (5a) shows that P, are idempotent, and thus have the
two eigenvalues, 0 and 1, only.

The set C,£ of all even elements (products of even numbers of e,’s) of
C, is a subalgebra of C, isomorphic to C,_, i.e.,

CnENCn—l CCn (6)

but the set of odd elements of C, is not a subalgebra. In the case of odd #,
linear combinations of the even and odd elements can be constructed with
the help of the projectors P,™ to form two disjoint subalgebras of C,,
namely,

G

n

Il

*
=1

P=CF (7)
+C =0,

n—1

C

n—1

C),:C,_]_F@C'"_]_ for Oddl’l (8)

This cannot be done for even n, since P,“ are not in the center.

The decomposition (8) plays a key role in our theory, since for each
odd n it introduces an absolutely conserved, two-valued (*=1) QN that
distinguishes between the two disjoint subspaces C,_,*. In particular, the
decomposition of C, is identified with the lepton and baryon subspaces,
that of C; with the charged and neutral subspaces representing spin-1/2
particle-antiparticle complexes.

3. THE INTRINSIC ALGEBRA C,

The intrinsic algebra is defined to be the smallest Clifford algebra
whose IR describes the minimum number of spin-1/2 particles that can be
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used to generate all other particles. C, yields the Dirac algebra D which
describes a spin-1/2 particle-antiparticle complex. As stated at the end of
the previous section, Cs introduces the electric charge, C; completes the
isospin algebra, and C,=C,*®C,~ distinguishes between leptons and
baryons. We interpret the four Dirac complexes described by C, to be the
lepton isodoublet (7, »,) and “bare” nucleon isodoublet (#n, p).

The algebra C, is generated by the identity e and the seven elements
e,....,e; satisfying the relations (1). The total number of elements of C; is
27=2X64=128. According to (6), C, contains the following descending
chain of even subalgebras:

E— = =
Clh={e.eqeqeq €464 €4} =C  A,=1..7

E_ - -
G —{e,eBleBl,eBl---eBA,e,”-e(,}—C5, B,=1,...,6

E_ — = -
CEF={e.ecec.ec ec}=C=D, C,=1,....5 (9)

C4E:{€,€aehqe|"'e4}:C3* a’bzl,...,4
C3E:{e’ejek}:C2’ j*k:1’2’3
CzE: {e,e]ez} :Cl’ CIE: {e} :CO

The centers of C;, Cs, G5, and C, consist of e and, respectively, the
elements

e, --e;=fy, i(eeq) - (eseq) =ie, - eg=fy

(ee4) -~ (eses)=e, - e,=fy, ie e, = f, (10)
It thus follows from (7) and (8) that
C,=C, 8¢, G- =P, "CED G, Cs*=D*"®D~" (lla)
where
D** =P, P CE (11b)

The further decomposition of each of the Dirac algebras D is discussed in
the next section. We note here the existence of four such algebras describing
v,, e, p, n and their antiparticles.
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In accordance with the remarks made at the end of Section 2 and in
this section, we have the following interpretation of eigenvalues:

f; = +1for leptons, and —1 for baryons

fe = — 1 for charged fermions, and + 1 for neutral ones (12)

The sign of f; is the same for fermions and antifermions, and fy = —1 for
both negative and positive charge fermions. We call f; the lepton—baryon
number, and f; the charge number. The lepton number L and baryon
number B, as well as the electric charge Q are defined in Section 7.

4. THE INTRINSIC SPACE-TIME DIRAC ALGEBRA

The Dirac algebra D = C,f = C, introduced in (9) is generated by the
identity e and the four elements

=ees  (a=1,23,4), d,=id, (13)

In the IR of C;, d, are 16X 16 matrices and are related to the usual 4X4 vy,
matrices by the relations

d,=1,®y,, p=0,1,23 (14)

where

0 1 ) 0, -—o
iY4EYo:'YO:(]z Oz)’ Y,:_Y’:(oj 0:) (15)

and o; (j=1,2,3) are the Pauli spin matrices

IV PR R R

The quantities 1, and 0, are the #» X # unit and null matrices, respectively.
The Dirac algebra in the context of C, has been investigated by many
authors, and more recently by Greider (1980a, b), where other references can
be found.

According to (1), the elements d,, satisfy the relations

{d“,d,,} =dd, +dd,=12g,e (17)

—gn=8n=8n=8n="L 8., =0 forp#v (18)
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The contravariant elements are defined by
d*=ghd,, gMg‘w =8>

v

As usual, we define

_ L, 0
=YY Y = —ivgn v = (0 1 )
2 2

1 PR A R AL
Then
—1,8vs= —id’d'd*d* =id,d,d,d, = e e,ese, = f,
fi?=Fe,  fid,=—d,f,
The spin angular momentum (AM) tensor

S %[d d] %i[e#,,]_—

satisfies the commutation relations (CR)

[ (3% p.] g)\y. K gnud)\)

[Sk)\’ S;u'] = i(gKVS)\p. + g)\pSm' - grmS)\v - g)wSxp,)

(19)

(20)

(21)

(22)
(23)

(24)

(25)

(26)

The structure of D is clarified further with the help of the additional

definitions

S4E—S4ME%[d#,f;‘], S;LSE_SS;LE%d

(n
_ =i
545 = Ss4 =Tf4
The elements Spq( p,qg=0,...,5) satisfy the 0(4,2) CR’s
[Spq’ S, ] - i(gpssqr T 84rSps— 8prSes — gq:Spr)
where

800= T8nT T8nT T8&3= T 8u=8ss= T1

(27)

(28)

(29)
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The intrinsic space-time Dirac algebra is thus given by
D=CF=C,={e,d,.S,. fuid,, ;) ={e,S,,} =0(4,2)s  (30)

The four-dimensional nonunitary IR of 0(4,2) is shown in Section 6 to
describe a spin-1/2 particle-antiparticle complex. This IR of 0(4,2)4 coin-
cides with the reducible representation D° '/2@®D'/2 © of the Lorentz
subalgebra (Barut, 1964).

Note that the electric charge @ does not enter the theory until the
algebra is extended from C, to C;. This is different from the interpretations
by Greider (1980a,b) and some other authors, who introduce Q of the level
of C,. Support for our procedure is provided at the end of Section 7, where
Q and other additive QN’s are defined with the help of the particle-antipar-
ticle projector obtained from C,.

If we carry out the decomposition (8), we find that the subalgebra of
the even elements of D,

C4E_{ €, w"f«t} (31)

is the Lorentz algebra extended by f,. This algebra is generated by the
“boosts” S;; (/=1,2,3), and its even subalgebra is the Pauli spin algebra

3E:{‘—”Sjk}:C2 (32)
25, =287 = 4(1,80)) (33)
With the help of the chirality projector
P> =P~ =1(exf,) (34)
we may write
C,=C,” 8GH, G~ =P=C, (35)

The Pauli algebra C, is in turn generated by S,; and S;,, and its even
subalgebra 1s

= ={e, S} (36)
The even subalgebra of C, is simply

G =CF={e) (37)
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By means of the spin projector
Po=P"=(exf,), f=iee, =28, (38)
we may write

C,=C,®C,*, C*=P,*C, (39)

5. THE EXTRINSIC SPACE-TIME ALGEBRA

The Dirac algebra (30) is the intrinsic part of the space-time algebra. To
describe the dynamics of elementary particles, we also need the extrinsic
part of the space-time algebra, which is outside C,. It is generated by the
position and momentum 4-vectors

x=(x%...,x*), x=ca, p=(p°....0%), p°=E/c (40)

As usual, the components of x and p satisfy the CR’s (h=1)
[x*,x"]1=0, [p*p’]=0, [x/,p]=i8 (41)
[x*,v]=0, [p*.7]=0 (42)
In the equations of motion, p° is the Hamiltonian, and can be repre-
sented by p® = p, =id /3t = id,, when acting on a state |{). In the position
representation, p’ can be represented (without restriction on the action

domain) by — p/ = p;=i9/9x’ =id;. Thus, keeping these remarks in mind,
one can write

p,=id/ax*=iqy,, p*=g"p, (43)

The orbital AM is defined by

L,=x,p,~%,p, (44)

According to (41) and (42) it satisfies the same CR’s (26) as S,,, and in
addition,

[L.m xp] = i(g}\p.x'c - grcp.x)\) (45a)

[Loxs P = i(8au e — 8 P2) (45b)

[Ler. S,] =0 (46)
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An orbital o(4,2), algebra can be completed by defining further the
components

L,=—Ly,=xxp+i(1—-x*)p,

Ls=—Ls,=—xx-pti(l+x?)p,

Lys=—Ly=x-p=x'p, (47)
where
x2=x-x=x“xu=(xo)z—)’i2 (48)

The components L,, (p,q=0,...,5) satisfy exactly the same CR’s (28) as
S,,» and thus generate 0(4,2);.

Corresponding to the two 4-vectors (40), there are the two Lorentz
invariants:

¥=x-d=x*d,, p=p-d=ptd,=pd* (49)

They satisfy the CR’s

[
[S.. 8] = —[L,.5]=i(p.d,—pd,) (50b)

If we define the roral AM by

(S, %] = ~[L,. %] =i(x,d,— x,d,) (50a)

Joa=Spq T Ly, (51)

we find
[J ] =0,  [J,.5]=0 (52)
which confirms the invariant character of (49). The components J,, satisfy

the same CR’s (28) as S, and thus generate the fotal angular momentum
algebra o(4,2),. Moreover, J,, satisfy the same CR’s (26) as S,,, and

b ",jl ‘L]I,
[Jn)\’xp.] =i(g}\p.xx_gxp.x)\) (533)
[Jx)\’ pp,] :i(g}\ppx—gxp,p)\) (53b)

[J:c)\’dp.] :i(g)\p.dn_gny.dh) (53C)
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From these relations it can be verified that
i » . ) N
REexp(iﬂijan), B=exp(z§J0jpf) (54)

are, respectively, the operators for spatial rotation by an angle § about an
axis specified by the direction cosines A/% (e.g., #'2 = — 7?! is the projection
of the rotation axis along the x> axis), and the Lorentz transformation
(boost) along p/, where

tanh{=B=v/c=|p|/E, coshi=(1—p2)"""? (55)

In general, for any quantity a, the Lorentz transformed quantity is

a=Lal~', L= exp( éJPvO“”) (56)

Note that L, transform x* and p*, whereas S,,, transformd,,. If a = p = p*d,,
then p'= p’*d, and both factors are transformed so that p'=p is an
invariant.

The intrinsic algebra C, is linked with the extrinsic space-time algebra
through the two relations

ﬁ = pud”" ny = Sp.v + Lp.u (57)

where p, is given by (43), d* by (14), S,, by (24), and L,, by (44).

6. EIGENVALUES AND EIGENSTATES
From (40) and (17) we obtain
p*=p*p'd,d,=4{d,. d,}p*p" =g, p'p’=E*—*=m>=p* (58)
This means that for m# 0, § has the two eigenvalues = m. If ¢ are the
corresponding 16-component eigenspinors, then we have the generalized
Dirac equation
pT=xmyT,  p=pa* (59)

Note that ¢ = are simultaneous eigenstates of 5 and P le,

p'2¢1 :mz\l’:’ py,‘Pp‘I :p;:tpp':’ pp.:iap (60)
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We interpret ¥* to be the state of a particle, and Y~ the state of the
corresponding antiparticle, both with E > 0. This is different from the usual
interpretation in which p2 = E? — p? = m? is solved for E = =( p? + m?)'/2,
and these roots are taken to be the eigenvalues of the Hamiltonian.

Note that (59) does not imply that the antiparticle has negative mass,
since p is not the mass operator. Instead, we are taking

p=p/m, pyE==y~ form#=0 (61)
to be the particle-antiparticle operator; and thus
P*=3(exp) (62)

are the Lorentz-invariant particle—antiparticle projectors. In the rest frame,
p=d,, and its eigenvalue is the principal QN, n, introduced in Barut
(1968a).

The Hermitian conjugate of (59) in the spinor space is

—ylartp, = =myf, pr=-p,
According to (14) and (15),
d%a¥d®=dr,  (d*)’ =g e (63)
If we introduce the usual definition
y=ytd° (64)

then we obtain

VEp=FdTm (65)

This shows that the eigenstate of j when it operates to the left is ¢ (not ')
with eigenvalues opposite in sign to those when it operates to the right, as in
(59).

To specify completely the eigenstates ¢, it is necessary to find a
complete set of mutually commuting operators (CSCO) that include § and
p*. We first consider the case m # 0, where it is possible to set p/ =0.

As usual, we introduce the spin 4-vector

wE =M, p, =3eMWS,y, p,, 1P = 41 (66)
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The second equality follows from (44) and (51), and S, is given by (24). If
we define the 3-vectors

7=(p', p% P’), 5_:5(523’531’512)’ K =(So1 S2+ So3)  (67)
then it follows from (66) that
w=(wlw' ww¥)=(=S-5,— p,S+ X K) (68)
In the rest frame where p'=0, po=E=m,
w=(0,—mS), S*y=s(s+1)¢ forp=0 (69)
and
wi=w'w = —mis(s+1) (70)

The last relation holds in any frame, since w? is Lorentz invariant.
For m # 0, we adopt the following CSCO:

[t p=ptd,/m, P =ptp,=m? p,w?
and
=—w/|p|=S8F/|p] or S’=—wim forp=0 (71)

where f;, f, are given by (10) and (12), and h is the helicity. The operator f,
distinguishes leptons from baryons, f; distinguishes charged from neutral
fermions, and p distinguishes particles from antiparticles. The mass is given
by p’, the linear momentum by p, the spin by w2, and spin component
along p by h or along x, by S°.

Another possible CSCO for m # 0 is [see (34)-(39)]:

fo fos fos 02, W2 (72)

where f, replaces p and f, = 25°. The disadvantage of this set is that f, is not
Lorentz invariant, and the eigenstates are superpositions of particle and
antiparticle states.

For m=0, ¢ =0, and § can no longer distinguish between particles
and antiparticles. Moreover, we show below that the eigenvalues of f, and
— f, are identical, and thus there are only two linearly independent eigen-
states for m =0, as compared with four for ms= 0. For this purpose, we
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choose the coordinate axes so that p=(p,0,0, p). Then [see (14) and (22)]

py=prdy=pldy+d;)y=0
implies
dyy=—dyy or dydgy=d?y=1 (73)
and

fob= tidydd dyy = _idldz(d3do‘l’): —hy (74)

In this case f,, — f;, and —2A have the same eigenvalues. We interpret
f, as the particle-antiparticle operator for m = 0. Which of the two eigenval-
ues =1 is to be associated with the particle is determined by experiment.
The result is

_ |+t for massless particles
o=~ 18y = { -1 for massless antiparticles (75)
Thus a massless particle always has negative helicity and its antiparticle
positive helicity.

We take (72) to be the CSCO for m=0. Note that p>=p>=0 is
diagonal, but 5 = p*d, is not diagonal even though py = 0. This is because
fed, = —d, [,

If ¢ is a general state of C,, the 16 eigenstates of C; may be projected
out of it by means of the four projectors

Pm=1(exf;), PBT=1(exf) (76)
P==(exp) form#0 (77a)
PE=P*=i(exf,) form=0 (77b)
P,* =1(ex2h) (78)

where P* is the particle-antiparticle projector, and P, is the helicity
projector. Thus

$, =P, P,=P*P*P=P~  A=1,..,16 (79)
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In particular,
PPy =), P7+P6_‘P:|e_>
P7_P6+‘l’:|">, P,mF Y =|p) (80)

The conservation of f;, f, §, and & can be deduced as follows: From
(59), (60), and (65) we have

id,(dary)=(¥p)y +¥ (p¥)
=(FmEm)ypy=0
This implies the continuity equation
id,(Wa*y) = idy(ddow ) +i0;(¥d’y) =0 (81)

For either box normalization or a wave packet, ¢ vanishes at the
boundary of the normalization volume. By means of the divergence theo-
rem, we obtain

[3,(¥d¥)dsx= [(dary)ds;=0
where 4S; is an area element. Thus
Joo(bdow)dyx =23, [¥T4dyx=0 (82)
i.e., the normalization integral
f\p};pr d,x  is conserved (83)

where the states i, in (83) stands for any of the states (79). Since
Pi=P,=P; (84)

The statement (83) implies that

(Py=[¥'Ppdyx s conserved (85)



Elementary Particle States 705

TABLE I. Dichotomic Quantum Numbers of C;

Value
Name Symbol +1 =1
Lepton-baryon No. fr=e - eq Leptons Baryons
Charge No. fo=ie - eg Charged Neutral
Particle-antiparticle No. P=phees/m Particle Antiparticle
Helicity [see (71)] h=S-P/|P| +1/2 —-1/2

Since p,, f7, f¢, h, p mutually commute, ¢, which is a superposition of
momentum eigenstates, may be taken to be a simultaneous eigenstate of f,
f» h, and p. Thus (85) implies that the eigenvalues of f, f, h, and p are
conserved. The physical interpretation of these QN’s [see (14)] is sum-
marized in Table I.

It is shown in the next section that L, B, Q, Y, and I, are functions of
the operators f, f;, p only, and consequently all their eigenvalues for free
leptons and bare baryons are conserved.

7. THE INTERNAL ISOSPIN ALGEBRA

It was seen in (11a) that the intrinsic algebra C, is the direct sum of
two C, algebras, one describing the leptons e, », and their antiparticles,
and the other the bare nucleons #, p and their antiparticles. We show now
that each C, can be written as the direct product

Ce=D®C, (1) (86)
where D = C, = G, is the Dirac algebra discussed in Section 4, and C,(1) is

a Clifford C, algebra that commutes with D.
We define

C(I1)={e,c),c;) (87a)

where
c=iey--es=i,®0®1,, ¢,=igg=1,80,®1, (87b)

= fo=ie - eg=1,80,®81,= —icc, (87¢)
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Then
2 —i
F=+e, [onol=ielky

cjdp: d#cj

(88)
(89)

Thus C,(I) is a Clifford algebra that commutes with D; and its direct
product with D produces C,. The full algebra C, is generated by C; and

P": .
The isospin components are identified with

L=3¢p, j=1273
and they satisfy the CR’s of the isospin su(2) algebra
(1, 1]=ie,' ],
If (87) is combined with (13), (14), and (22), i.e,,
d,=e.es=1,8v,. fa=e - ey= — 1,9y
where a =1,2,3,4, one obtains the complete IR of C;,
e,= —d,es=il,009Y5y,, e5=f(—ic)=il,80,®y,
e = —ic, = —il1,00,81,, e;=if fr= 109801,
From (93) and (10) we obtain
f=e®lg,  f=1,8091,
The particle projectors, according to (80), are

P(»)=P,"P*P*,  P(e”)=P,* P P*

P(n)=P,"P;*P*,  P(p)=P; P P*

(90)

(o1)

(92)

(93)

(94)

(95)

The antiparticle projectors are obtained by replacing P* by P~ . By means
of (95) we obtain for the lepton number L, baryon number B, electric
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charge Q, hypercharge Y, and I, the following expressions:

L=P(v)+P(e”)=P(3)—P(e")=P"p (%)

B=P(p)+P(n)—P(p)—P(R)=P,"p (97)
L+B=p, L—B=fp (98)
Q=—P(e” )+ P(p)+P(e")—P(p)=—fiP P

(99)

Y=—P(»,)— P(e” )+ P(p)+ P(n)+ P(5,)

+P(e*)—P(5)—P(7)=—L+B=—f,p (100)
25, =P(v,)~ P(e” )+ P(p)— P(n)— P(5,)
+P(e")= P(p)+P(7)= fofrp (101)

The expression for Y is based on its interpretation as twice the average
electric charge of an isomultiplet. This is reflected in the usual relation

Q=4Y+1, (102)

which now follows automatically from the above definitions of Q, Y, and 1.

Note that the opposite signs of the additively conserved QN’s (96)-(101)
for the particles and corresponding antiparticles originate completely from
the projector p; and this is a confirmation of our interpretation of j as the
particle-antiparticle projector.

8. EXCITED STATES OF LEPTONS AND BARE BARYONS

We have seen that the basis of the IR of C; can be interpreted as
consisting of the lepton isodoublet (e™,»,), the bare baryons isodoublet
(n, p), and their antiparticles.

We show in this and the following sections that the other particle states
can be obtained by means of tensor products of C; by itself. Let us consider
C,®C,, and in particular the states resulting from (e, »,)®(e™, 7,). There
are four such states: the isosinglet

a®=2""%e"e* +,5,) (103)
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and the isotriplet

b-=e 7, bB'=2"YHee" —y7,), bT=pet  (104)

The reason for the particular algebraic signs in a° and b° is as follows:
Let |1, I;) be an isospin eigenstate; and let |1/2,=1/2) =|=x). If C is the
charge-conjugation operator, then

ClLLy=—(-1)"""1.-1) (105)
where the minus sign in front is conventional. Consequently,
et =Ce =C|=)=|+), 7=Cr=C|+)=—|-) (106)

and the isospin states associated with a° and b° have the opposite signs from
those in (103) and (104), as expected.

The spin of the states (103) and (104) is either zero or one. Their
intrinsic parity is odd, since we have fermion-antifermion systems, and e~
and », are assumed to have the same intrinsic parity. Thus the possible
Spectroscopic states are

S, 87 P PRyLTs Dy, Dy, e (107)
where the “ = refers to the total parity.

In the *S,” and ’D, "~ states, a” has the same QN’s as the photon, and
b= the same QN’s as the vector mesons W ='°. From now on, it will be
understood that the states (103) and (104) have J”=1".

Let

f=(e,v,,n,p) (108)

and consider the product fa. Since a is now bound with f, it need not have
the same rest energy as in the free state. If the binding between f and «a is
magnetic, then the orbital AM, L >0 (Barut, 1980a, 1982). For the smallest
nonzero value L =1, the total parity of fa is the same as f, since a has odd
parity in the J”=1" state.

The algebra associated with fa (considered as a two-body system)
consists of an external (center-of-mass) Poincaré algebra, and an internal
0(4,2), algebra (Barut, 1980b). For the most degenerate IR of the latter, the
states are labeled by the total AM, J, and a “radial” principle QN, n,
(Barut and Reczka, 1977). The (J, n,) spectrum is shown in Figure 1.
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Fig. 1. The fermion most degenerate unitary IR of 0(4,2).

We restrict ourselves here to
L=1, J=1/2, ny,=3/2.5/2,7/2, ... (109)

The resulting states fa, which are considered to be excited states of f, are
interpreted as follows:

(e7a);=p", (e7a)syn=71",

(Vea)B/Z:V;U (”ea)S/z: Ve,

(na)s,»=s", (na)s,»=b°,

(pa)sp=c*, (pa)syn=1", ... (110)

where the subscripts 3/2 and 5/2 are the n, values, and s,c¢, b, ¢ are the
strange, charmed, bottom, and top bare baryons. Note that n,=3/2
characterizes both (p~,»,) and (s,¢), while n, =5/2 characterizes both
(7 .»,) and (b, t). Moreover, the parity of fa is the same as that of f.

By including the ground states (e, »,) and (s, p), we now have two
sequences of isodoublets, the lepton sequence,

(eon)e (0om)e (rm) (1)
and the bare baryon sequence,
(n,p).  (s,¢),  (by1), ... (112)

The term “exited states” of leptons is thus justified, as they are obtained
from the ground state with one additional quantum of a photonlike state a.
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By using a similar model to construct the lepton excited states, Barut
(1980c) found it possible to derive a semiclassical formula for the lepton
masses, namely,

M, 3, &
=14+ = -1 4
=1 e "§::0n (113)

where N=0,1,2... fore,pu,1,....

Instead of taking the isodoublets in (111) as elements of an infinite-
dimensional IR of 0(4,2)®u(2). one can take {e”,»,,n",#,} as a basis of a
u(4) internal algebra, {e”,v,, 7, »,,77,¥,} as a basis of a u(6) internal
algebra, etc. This is because the fundamental IR of u(4) is four-dimensional,
of u(6) is six-dimensional, etc.; and {e”,»,} is a basis of a u(2) algebra,
which is a subalgebra of u(4), u(6), etc.

Similarly, we take {n, p, s, ¢} as a basis of a u(4) algebra, {#n, p.s,c, b, t}
as a basis of a u(6) algebra, etc.

A fundamental IR of ¥(4) decomposes into a u(3)-triplet and u(3)-sing-
let. If (e”,»,) is retained as an isodoublet, then there are two ways of
carrying out this decomposition, namely,

I=(e v, p V#) is the basis of the (1), IR of u(4) (114a)
I'=(e”.,v,.»,;p" ) is the basis of the (1°); IR of u(4)  (114b)
where (1), and (1%); are the Young tableau designations of the IR’s. In case
[, (e7 v, p~) is a u(3) triplet and v, is a u(3) singlet; whereas for /',

(e”.v,7,) 1s a u(3) antitriplet and u~ is a u(3) antisinglet, as.shown in
Figure 2. We assume that each lepton state is an equal mixture of states

B

|
)
]
-1
2

W
L
o

Fig. 2. The leptons and antileptons u(4) quartets.
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belonging to / and /’. In essence this assumes that leptons are not pure u(4)
and u(3) eigenstates.

Bare baryons, on the other hand, are assumed to be pure u(4) eigen-
states (no b’ 1s introduced), namely (see Figure 3),

b=(n, p,s;c)is a basis of the (1), IR of u(4) (115)

This assumption, as well as that of mixing / and /’, have to be justified
dynamically.

In order to take spin into account, we take /, i’, and b to be bases of the
(1)g IR of

u(8) = u(4)intcma]®u(2)spiﬂ (116)

Then /, I, and b are the bases of the (1"); IR of u(8).

If B is the baryon number, L the lepton number, Y the hypercharge, S
the strangeness, C the charm, Q the electric charge, and I, the z component
of isospin, then

Y+I,, Y=B—-L+C+S (117)

N|—

(2 =

The quantum numbers of / and /* are given in Table I1.

cCSY cCSsyYy _
c? ¢
1 02} AL 01 O
// \\
/// \\
e AN
// \\
00 |fn« —»p 0 0-l |p€— ydl
\\ ///
\\ ,/
N s~
\\ //
0-1 0} -l 0-2}F v
s c-
1 1 A 1 S I 1
| 11 L 11

Fig. 3. The bare baryons and antibaryons u(4) quartets.
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TABLE II. Quantum Numbers of the Lepton u(4) Quartet

0 Y Iy C s c’ s

e -1 -1 1,2 0 0 0 0

v, 0 -1 -1/2 0 0 0 0

L -1 -2 0 0 -1 -1 0

v, 0 0 0 1 0 0 1
9. MESONS

In Section 8 we considered only four of the states resulting from
C,®C,, namely, (103) and (104). Most of the states ff or ff are not observed,
and are presumably dynamically unstable, such as e”e¢™ and pp. Few of
these are stable, such as the duetron np. Since our main goal in this paper is
to show how the observed families of states can be generated, we restrict our
attention in this section to the observed meson states M, and in Section 10
to the baryon states B. ) _

The meson states can be generated from ff. For bb, if the binding is the
result of a strong interaction that allows L = 0, then according to (107), the
pseudoscalar (PS) mesons (J”=07) are in the 'S, state, and the pseudo-
vector (PV) mesons (J7=17) are in the 35, state. On the other hand, if
the strong interaction is indeed magnetic, for which L >0, then a glance at
(107) shows that the PV mesons must be in the 3D, state, while the PS
mesons can be obtained from ff in combination with »¥, as shown in (128).

Accordingly, for magnetic binding, the most general expression for the
PV mesons is

Mpy =bb®U®I'"  in3D,~ (118)

Since b, /, I’ all belong to the same IR of u(4), the resulting multiplets are
exactly the same for all three terms. We take each meson state as the
superposition of states having the same QN’s, one from each of the terms in
(118). The charm and strangeness of the states are derived uniquely from bb.

The /I’ and /'l products form the meson clouds of the baryons, and are
discussed in Section 10.

According to (114), (115), and (116) each of the three terms in (118)
yields the following IR’s of u(8) = u(4)®u(2):

(Ds®(1")5=(2,1°)®(1*)y (119)
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If the u(8) IR’s on the right-hand side of (119) are decomposed with
respect to u(4)®u(2), one obtains (Itzykson and Nauenberg, 1966, Table C,
pp. 118-119):

(18); = (2);®(42);=(2%);  of u(4) with spin 0 (120)
(2,190 =[(3,22,1),8(42)7]
©[(3,2%,1),5®(5,3);] @[(2*)71®(5,3)3]
=[(2,12),55pin0] ®[(2,12),sspin 1] ®[(2*)ispin1] (121)

The u(3) content of the u(4) IR (2,1%),s is (Itzykson and Nauenberg, 1966,
Table B, p. 112)

(2,12)15= (2, 1)s0® (P )i0® (2,17 )3- y® (1’ )3+ 1) (122)

where the subscripts n(C) designate the dimension # of the %(3) IR and its
charm C.

The PV mesons resulting from (119) belong to the last two u(4)
multiplets of (121). Their content in terms of bb, i, and /'l’ is given below.
The same expressions are applicable to the 'S,~ and 3S,~ states.

(2, 1)g(qy Of u(3):

p~=[np,e"7,,e7 7], pt =[pi,vet, vet]

p°=2""[nii— pp,e et —v,7,, e e" — 7,
wg=67"/2[nit+ pp—s5,e”e* +u,5,—2p"pt,
e e +u,5,—2n7] (123)
K*Oz[ns_,e—p+,v _], K*t =[p§, vep+,une+]
1?*_=[s",p._17,e_17], K*O—[sn pet en]
()i, of u(3):
w, = 3_‘/2[nr7+ pp+ss,e et +u g, +ppte"et i+ V#fy]
(124)

The physical states w(783) and ¢(1020) are mixtures of wg and w, as
usual.
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()30, of u(3):
F*t = [CE, yut,pt VF]
D*°=[cp, 05, pte”|, D**=[ci,ne’ v, (125)
(2,1%)5—y, of u(3):
F*~ =[és,mp 077,

D*- :[C_‘n,l_'e—3#'_;e]’ D_*Oz[Ep,ﬂ”ye,‘u_e*’] (126)

i3
(210 Of u(4):
wo =3[+ pp+s§+cieTet +u g, +ppt +u,5] (127)

The physical state (3100) = [cc, p.‘p.+,u,‘17u] is a mixture of p°, wg,
W, Wy.

The I/ and I'l" contents are identical for p=, F**, and w,.

The T(9460) meson is obtained at the internal u(6) level, and our
analysis can be extended straightforwardly to this level.

The mixing of // and /'l in the meson states can be understood
dynamically in terms of an exchange of a “ virtual photon” (103), as in

K** =y p* =y(eTa)=(v,a)e” =pe”

or in terms of a virtual annihilation—creation process e "e* = »,7,, as in

e e’
K*¥=e pt=e (et v,5,)=(e e )y,7,

= (VL’;E)VEﬁE = (Veﬁeye);e = Vyﬁe
The PS mesons can be generated from bb in the 'S, state for strong
binding. For magnetic binding, however, L >0, and the simplest way they
can be generated is by means of the formula

Mps=[(bb®U®IT) in 2P, | ,]®[(»7) in>D, ] (128)

with L = 0 between the two factors in the tensor product. The second factor
is the lightest component of the u(4) singlet (127), and does not affect the
u(4) QN’s of the first factor. Since the total parity of the first factor is even,
that of the second is odd, and the orbital parity of the two factors is even,



Elementary Particle States 715

the total parity of My is odd. The content of the first factor in terms of ff is
exactly the same as in (123)-(127). The usual symbols for My are

7Ot g, KO K0y FYL DO -, D7, D% x (129)

These, as well as the corresponding Mp,, are shown in Figure 4. The
additional »v pair in PS mesons (128} is analogous to the so-called gg-sea
terms in the quark model. This also helps to explain the decay channels of
the mesons in a simple way—for example, the preference of the decay
T ) Y, 0ver T —e b,

(eC,w Yy NITRITRAS |
®
u{4)singlet x(2830), ¢ (3095)
(ns,en’ vu7) (p§,vep’s ye*)

(KO K*O) (K*,K**)

Q
e} (et (ph,vee™)
T3(nhz PPl 27T (e TV )
L ]

(n, w)

(K7K*")  (KOK*9)
(PS,Tep™s 7ue?) RS, %, ,0e)
(s§ ,/-L‘;L:. vu )

u{3) singlet 5/{958), $(1020}

= - - - - = ——at
(En A ey 1) (Ep ity p @ ) (€8 M 1y WH o)
(D5 D*7) (D°D*0)

(D% D*0) (D*D**)

(E5 3V M, /J:*-/,J l_ci,l’,«;g , pte’) (ch, e, 1hve)

Fig. 4. The pseudoscalar and pseudovector mesons.
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10. BARYONS
The observable baryon multiplets can be generated by
B=b®I®I' (130)

with the intuitive interpretation that b is the “bare” core defined by (115),
and M’'=1I' is the meson “cloud” around it.

Since b, /, and /' are distinct u(4) quartets (even though / and /’ consist
of the same leptons), the baryon states are produced of three elements, one
from each quartet. In this sense, our construction simulates the colored
quark model construction

B = g(green) ® g(blue) ® g(red) (131)

However, “color” is not an extra degree of freedom in our theory. The
complete correspondence between b, /, I and the quarks is given in Table
II1. The electric charges of the particles in Table 111 are in exact agreement
with those of the integrally charged Han-Nambu quarks (Hendry and
Lichtenberg, 1978, Table 2, p. 1713; cf. Han and Nambu, 1965). Moreover,
the average charge (Q) of any three particles of the same flavor, is identical
with the charge of the Gell-Mann-Zweig fractionally charged quark of the
same flavor.

Since /" is a basis of the IR (I)g of (112), M’ belongs to the following
IR’s of u(8):

M'=101'=(1)3®(1)y = (2)3D(1%) 54 (132)
Thus,
B= [b(1)8®MI(2)36] @[b(l)s®M/(12)28]

[(3)1209(2,1)165] ®[(2,1),65® (13 )55 (133)

f

TABLE III. Correspondence between b, /, I , and Quarks
b / r

u p v, et 2/3

d n e v, —-1/3

5 50 i Y -1/3
+ +

c c Y @ 2/3

Flavor
A Green Blue  Red ()
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The u(4) ®u(2),;, decompositions of the resulting IR’s are (Itzykson

internal spin
and Nauenberg, 1966, Table C, p. 115):
(3)120 = (2, 1) spin3 ®(3),,spin3 (134a)
(2,1)168= (13);spin% ®(3),spiny
®(2,1),spiny ©(2,1),spin3 (134b)
(17)56 = (17 )35pin3 ©(2,1),ospin} (134c)

Finally, the u(3) decompositions of the u(4) IR’s on the right-hand side of
(134) are (Itzykson and Nauenberg, 1966, Table B, p. 112):

(2,1)20 = (2, Ds0y® (2)en @ (17 )30, ® (1)302)
(3)20 = (3)100y®(2)sy®(1)32® ()1 3) (135)
()= (13)7(0)@(12)3(1)

The subscripts n(C) denote the dimension n and charm C of the u(3) IR’s.
In order to figure out the precise content of (135) we note that the
u(4)® u(2) decompositions of M’ are

M’(2)36 = (12 )¢spin 0®(2),ospin 1
M'(12 )25 =(2),,5pin0® (1% )¢ spin 1 (136)

Moreover, the u(3) decompositions of the u(4) multiplets on the right- hand
side of (136) are

(17)s = (1*)38(1)5, (2)10=1(2)s®(1),®(-), (137)

From (137}, the product /(v,.e”, " »,),®(e™, 7, 7,; "), and the QN’s
listed in Table II, we obtain

(1P)e=M' (27" (e et =7, ); et 177, )50,
OM (vu* e pippt )i, (138a)
(2)]0:M'(Ve€+,77’052_|/2( et ), e v v, e nT Y )6(0)

OM (ve . 7,75 )3“)@M( net ) (138b)
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n{ee* =y, /2  p(eTe*-y Ty VT \/LE(n w/%-peTy) J—lz—(n vee*-p 7'°)

6/ (1) 6 (1)

(nue pelut %(nue*-p:;?)

300 3(1)

ol C
3/ (2) 3(
(a)

Fig. 5. (a) The baryon u(4) multiplets (2, 1)5, and (2, 1)4.
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Fig. 5. (b) The baryon u(4) multiplet (3),4. (c) The baryon u(4) multiplet (1%);.
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Each term in (138) is a %(3) multiplet n(C). Within each term, the isospin
multiplets are separated by semicolons, and ordered in decreasing value of
Y; and for each isomultiplet, the M’ states are listed in decreasing value of
I,. It is important to note that the leptons in (138) have the QN’s of / and
the antileptons of /”. Thus although the constituents are the same as in
Figure 4, the states are different, as indicated by the label M’.

Finally, multiplying b( p, n; s)3, and b(c),;, by (138), we obtain the
baryon multiplets shown in Figure 5, and classified as indicated by (135).
These sets of multiplets occur several times with spins 1 /2 and 3 /2 as given
in (134).

In Figure 5a, the u(4) multiplet (2, 1),, occurs twice. In the occurrence
on the right-hand side, the total mass of the constituents of each state is
less than that of the corresponding state on the left-hand side occur-
rence. For this reason, we identify the well-known baryon spin-1/2 octet
B(P,N;=*% A; 2%7) with the 8(0) u(3)-multiplet of the (2,1),, IR of
u(4). The baryon spin-3/2 decouplet B(A, Z*, =*, Q) is identified with the
10(0) u(3)-multiplet of the (3),, IR of u(4). Both of these multiplets belong
to the (3)54 IR of zero-charm baryons of u(6), which in turn belongs to the
(3)120 IR of u(8) given in (134a).

As in Section 8, the combination of the baryon core b with its cloud M’
leads to an o0(4,2) algebra. It has been shown (Barut, 1968b—d) that this
algebra can produce the correct baryon mass spectrum.

11. HIGHER SPIN STATES AND REGEE TRAJECTORIES

The hadron states constructed in Sections 9 and 10 were assumed to be
in the lowest possible energy state. By considering orbital excitations, one
can generate a sequence of states with the same u(4) QN’s and higher values
of J.

The masses of these states can be calculated from, e.g., infinite compo-
nent wave equations, whose parameters contain the dynamical information
about the interaction of the constituents. Linear Regge trajectories can be
obtained in this way, as shown in Barut and Reczka (1977, p. 613).

Another approach to the higher angular momentum states, is the
dynamical approach, such as that used in Barut (1980c). For example, the
magnetic forces between the leptons e, #, can be used to obtain p, 4,, etc.

The fact that these two approaches, one dynamical and the other via a
wave equation, are possible and identical, has been demonstrated in the case
of known composite systems such as the hydrogen atoms. These problems
will be discussed separately.
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12. CONCLUDING REMARKS

There are several important results that emerge from the present work:

(a) The four basic pure Dirac fermion states e™, »,, n, p form a basis of
the IR of the Clifford algebra C,.

(b) All observed particle states can be generated from tensor products
of C, by itself, along with an orbital 0(4,2) algebra. Thus in effect, all
particles are constructed from the four particles e, »,, 1, p.

The introduction of the bare neutron n as a building block alongside
the three particles e, »,, p, is a consequence of the use of C,. There are
models (Barut, 1980c) in which » is first constructed from pe™ 7,, and then
used as a building block.

(c) The isodoublets (n~, #,),(7", #,),..., are shown to be excited states
of (e7,»,); and (s,¢),(b, t),..., are shown to be excited states of (n, p).

(d) The elements of the sequence of lepton isodoublets (e~ ,»,),
(0", v,)(77,,),... are distinguished by the same QN that distinguishes the
elements of the sequence of bare baryons (n, p).(s,c),(b,?),....

(e) The u(4) quartets (n, p,s;c),(e”, v, b~ ; Vﬂ),(e““, Ve Vs pwt) are in
one-to-one correspondence with the integrally charged colored Han—Nambu
quarks in constructing the hadrons.

(f) All particle multiplets derived in this work are the same as those
obtained in the quark model.
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